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Initial Conditions: i.e., 

• Specified perturbations to one or more state variables. 

• Self-consistent features to satisfy a particular solution. 

Boundary Conditions: i.e.,  

• Constant or time-dependent imposed values. 

• Inflow or outflow of mass, momentum, or energy. 

Source terms: i.e., 

• Distributed sources for mass, momentum, or energy. 

• Body forcing (accelerations), parameterized inputs.

Initiating Model Dynamics



• Unstable initial states that will naturally tend to evolve. 

• Random noise / impulse / step functions to assess responses to general inputs. 

• Realistic initial state provided by a larger-scale model or assimilated data products. 

• Specified wave packets defined by assumptions of linear dispersion characteristics. 

• Time-dependent boundary forcing, to specifically constrain one or more variables. 

• Time-dependent oscillatory forcing via a distributed acceleration / body force.

Initiating Model Dynamics: Examples



Examples of Initializations…
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FIG. 1. Illustration of the coupling of the two linear grids. Two
grids that could be used individually to solve the linear equations are
meshed by offsetting one grid by Ω grid point in both time and space.
This arrangement minimizes the need for averaging in the nonlinear
terms.

2. Numerical models
The core of the numerical effort is a fully nonlinear

model based upon the equations of motion for a com-
pressible fluid in two dimensions without planetary ro-
tation. Other models, developed to facilitate the inter-
pretation of the results generated by the fully nonlinear
simulation, include different subsets of the full equa-
tions: a fixed mean flow model, including only the
wave–wave interactions; a quasi-linear model, including
only wave–mean flow interactions; and a linear model.
The fixed mean flow and the quasi-linear models are

complementary in that they each contain one type of
nonlinearity. The quasi-linear model elaborates on the
linear equations by including one of the strongest non-
linear effects, the wave–mean flow interactions. The re-
moval of the wave–wave interaction terms isolates the
effects generated by such interactions, which include
the transfer of energy between the main wave compo-
nent and the mean flow, and the Doppler shifting of the
primary wave by the mean flow. As will be seen in the
results, the quasi-linear model reproduces many of the
features found in the fully nonlinear simulation results.
Conversely, the fixed mean flow model contains wave–
wave interactions only, decoupling the effects of the
wave–wave interactions from those of the wave–mean
flow interactions. Aside from the conceptual advantage
of such decoupling, this model may imitate more closely
the actual environment of a propagating gravity wave
packet than the fully nonlinear model. In the atmo-
sphere, gravity waves exist as packets with limited hor-
izontal extent. In our simulation, however, the wave fills

the horizontally periodic domain, possibly causing un-
realistically strong wave–mean flow interactions. Fi-
nally, a purely linear model provides a reference solu-
tion that contains all of the transients but excludes all
nonlinear interactions. The sets of equations upon which
the models are based are presented in the appendix.
The numerical implementation is a centered differ-

encing scheme of second-order accuracy using stag-
gered grids (Arakawa and Lamb 1977). This scheme,
shown in Fig. 1, provides spatially coincident values of
the velocities and the gradients of physical quantities,
which are needed to calculate the advection terms. The
two interleaved grids are stepped at alternate half–time
step intervals.
The boundary conditions are those commonly used

in this type of model. The bottom boundary is used to
force the primary wave. The wave forcing applied to
the vertical velocity, w, is a continuously forced, si-
nusoidal waveform of a specified frequency and hori-
zontal wavenumber turned on smoothly over two wave
periods T:
w(x, z 5 0, t)
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The consequence of turning the wave forcing on this
quickly is to force a transient response consisting of a
broad spectrum of frequencies centered on the primary
frequency. The term ‘‘quasi-monochromatic wave’’ is
used to indicate this type of forcing where the energy
is concentrated around the primary component but other
components are also present. The frequency and wave-
number are chosen so that the wave has a positive phase
velocity.
Wave reflection from the upper boundary is prevented

by a sponge layer, implemented using Rayleigh friction
that increases with height to the top boundary. The Ray-
leigh friction F(z) is given by

1
F(z) 5 . (2)

2(z2z )/b01 1 ae
The values of the parameters a 5 0.000 87 and b 5
169 384 ensure that the Rayleigh friction is effective
within one vertical wavelength of the upper boundary
and that no reflections occur. The sponge layer is tested
by checking for the absence of wave reflection in the
linear model. The domain is horizontally periodic, with
a width of one horizontal wavelength.
The aliasing generated by a cascade of energy to sub-

grid scales is suppressed using a hyperviscosity scheme,
shown here only for the vertical velocity, though a sim-
ilar scheme is implemented in all equations:

V(x, z, t) 5 nπ6w(x, z, t). (3)

[Franke and Robinson, 1999]
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[Houghton and Jones, 1969]
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[Liu et al., 2013]
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Fig. 2. Profiles of the isothermal (dash) and the non-isothermal
(solid) backgrounds used in this paper.

VF05. Thus, the scale height H =RT/g is ⇠ 7 km and the
buoyancy frequency N = {(g/T ) ⇥ [(dT/dz) + g/cp]}1/2 is
⇠ 0.02 rad s�1. These values are consistent with those used
in VF05. The second background state is a non-isothermal
but windless atmosphere calculated from NRLMSIS-00 (Pi-
cone et al., 2002) at 45� N on day 173 (shown as a solid line
in Fig. 2). This is designed to study the effects of a non-
isothermal background temperature on GW momentum de-
position.
The initial horizontal velocity perturbation is similar to

that used by Xu et al. (2003) and Liu et al. (2008),
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To exclude nonlinear processes such as wave-wave interac-
tions, wave-flow interactions, wave saturation/breaking, etc.,
the initial amplitude is chosen to be small in all cases (A =
1.0⇥ 10�3 m s�1). The horizontal and vertical wave num-
bers are kx = 2⇡/�x and kz = �2⇡/�z, respectively. We set
z0 = 60 km, which is the peak height of the wave packet en-
ergy; therefore, the wave packet is launched from ⇠ 60 km.
The width of the wave packet in the vertical direction is pro-
portional to the vertical wavelength, �z = �z. The other ini-
tial perturbations are derived from u

0 (x, z, t = 0) in Eq. (6)
using the polarization equations for a linear GW in a non-
dissipative atmosphere (Fritts and Alexander, 2003), since
molecular viscosity is unimportant at z0 = 60 km. The ini-

Fig. 3. Snapshots of GW B with initial �z = 10 km (see Table 1)
propagating in the isothermal atmosphere with Pr= 1. We show the
square root of the density-weighted horizontal wind disturbances
(m s�1) at times of 0, 37.5, 75, 112.5, and 150min.

tial GW vertical and horizontal wavelengths and wave pe-
riods are listed in Table 1. The wavelengths of GWs A, B,
C, and F are purposely chosen to be the same as those used
in VF05. It is important to note that VF05 used monochro-
matic GWs in their ray trace study, while GW packets hav-
ing different spectral parts are used here. In an isothermal
atmosphere, there is only a small difference in the results
for a wave packet and a monochromatic GW because of the
small dispersion of the wave packet (see Sect. 3.3). In a non-
isothermal atmosphere, the dispersion of a wave packet and
the variations of �z are much larger (see Sect. 3.5).

2.3 GW propagation in the thermosphere

In this subsection, we utilize GW B as an example to illus-
trate the propagation and dissipation of GW packets within
an isothermal atmosphere. Here, the Prandtl number is set
to 1.
Figure 3 displays snapshots of the GWs in square root

density-weighted horizontal wind disturbances u
00
(x,z) =

[⇢0(z)/⇢0(zr)]1/2u0
(x,z) at times of 0, 37.5, 75, 112.5, and

150min, where ⇢0(zr) is the background density at a refer-
ence height of 60 km (Huang et al., 2010). Figure 3 shows
that u00

(x,z) does not change significantly with altitude and
time in the absence of dissipation below the height of 100 km
and before 75min. This is because wave energy is conserved
before the GW packet enters the dissipative thermosphere.
After the GW packet propagates upward into the lower ther-
mosphere (120–140 km), the amplitude of u00

(x,z) decreases
rapidly. At t = 150min, the GW packet is almost completely
dissipated by molecular viscosity and thermal diffusion.
It is important to note that during this dissipative process,

the GW phase lines do not become vertical; in fact, the slope
of the phase lines are similar before and during dissipation.
This shows that �z does not change significantly during dissi-
pation since the slope of a phase line equals�kz/kx = �x/�z.

Ann. Geophys., 31, 1–14, 2013 www.ann-geophys.net/31/1/2013/
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[Heale at al., 2014]
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Figure 3 . The predicted vertical wavelength squared plots for (a) the 18 km, 7.5 min source, (b) the 40 km, 17 min source,
and (c) the 25 km, 6.7 min source.

as open boundaries.A vertical body forcing was applied which is centered at the bottom boundary and
given by

Fz(x, z, t) = Ae−0.5((x−xc)
2∕!2x + (z−zc)2∕!2z ) ⋅ e−(t−tc)

2∕2!2t cos("(t−tc)) cos(k(x−xc)) (2)

The exact parameters used are specified in Table 1. The effect of multiplying cos("(t − tc)) cos(k(x − xc))
is that a wave is launched in both directions, enabling us to analyze the effect of both wind/propagation
directions in one simulation for the extended domain cases. For ease of analysis, two separate simulations
were run in the case of the periodic simulations, one for a positive k and one for negative k. The amplitude
A was deliberately specified as small to ensure that the waves remain mostly linear and interact in a linear
manner;the waves in the extended domain have amplitudes in the MLT ∼ 0.1 m/s when not scaled by den-
sity. In both the horizontally extended and periodic simulations, the wave packets were centered around
(1) # = 7.5 min period and $x = 18 km, (2) # = 17 min period and $x = 40 km, and (3) # = 6.7 min period and
$x = 25 km horizontal wavelength.Both the periodic and horizontally extended domain results are pre-

sented in terms of the density-scaled horizontal wind velocities:uscaled = u ⋅
(

%(z)
%(z0)

) 1
2 .Otherwise,waves in

the upper atmosphere will dominate the plots and lower atmosphere waves will not be visible within the
dynamic range.

2 .4 . Theory
Gravity waves can only propagate in regions of the atmosphere where their vertical wave number squared
(m2) is a positive value.A traveling wave solution turns into an exponentially decaying “evanescent” solution
when itsm2 is negative.Reflection begins at a boundary wherem2 changes from positive to negative.The
wave number is governed by the dispersion relation,which in its anelastic form is given by the expression
[Gossard and Hooke, 1975]

m2 = k2N2

(" − u0k)2
+

u′′0
(c − u0)

− 1
H

u′0
(c − u0)

− k2 − 1
4H2

(3)

where k is the horizontal wave number," is the ground relative frequency, u0 is the background wind
(u′0 and u′′0 are its first and second derivatives with respect to altitude),N is the buoyancy frequency, and H
is the scale height. If a region of wave propagation (m2 > 0) is bounded above and below by two regions of
evanescence (m2 < 0), then a wave can be ducted.This generally occurs due to thermal gradients (thermal
ducting) or when the background wind shifts a wave’s intrinsic frequency to the local buoyancy frequency
(Doppler ducting) at two distinct altitudes.Strong ducting occurs approximately when an integer number
of half vertical wavelength fits within the ducts vertical extent [Walterscheid et al., 2001]. In this case,waves
can travel vast horizontal distances with only minimal attenuation.However, if weak ducting occurs,wave
energy can leak out of a duct and continue propagating into the thermosphere where it will dissipate. In
addition, a wave can exhibit deep ducting in which it is trapped between some reflection height and the
tropopause or ground;numerical simulations suggest that a wave can propagate over long distances via
this method as well [Walterscheid et al., 1999;Yu and Hickey, 2007b;Snively et al., 2013].
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not report a lightning discharge within 15 s of this event; it is possible that it occurred near the NAU trans-
mitter, beyond NLDN’s coverage. However, there are no other early VLF events on 20 March from the NAU
transmitter to HAIL. This suggests that the lightning activity shown does not exhibit large charge moments,
and thus there is negligible direct electromagnetic coupling to the lower ionosphere.

3. Simulation

We wish to determine the possible AW source configurations that lead to this large-amplitude perturba-
tion on the VLF narrowband signal. To reproduce this perturbation, we use a two-step modeling procedure.
First, we use a fluid model of gravity and acoustic wave propagation, with a predefined source input, to
calculate the disturbance to the upper atmosphere. Second, we input the atmospheric disturbance to an
electromagnetic propagation model of the subionospheric VLF transmitter signal.

3.1. Acoustic and Gravity Wave Model
Acoustic wave propagation is simulated using the model of Snively [2013], which may be operated either in
Cartesian or cylindrically axisymmetric forms (to investigate radially localized versus horizontally extended
sources). It solves the compressible Euler equations with gravity using a finite volume method [e.g.,
LeVeque, 2002] implemented in a modified version of Clawpack (www.clawpack.org). It accounts for viscous
and thermal diffusion and source terms arising from geometry [see Snively, 2013, section 2.1, and references
therein]. A disturbance approximating a series of convective updrafts and downdrafts is imposed as a body
force (in units of N/kg ≡ m/s2):

Fs(x, z, t) = 0 exp

(
−
(x − x0)2

2!2
x

−
(z − z0)2

2!2
z

−
(t − t0)2

2!2
t

)
cos("t) (1)

where !x (or !r) and !z specify the disturbance size in lateral (or radial) and vertical dimensions, !t is the
disturbance duration modulated by frequency ", and 0 is the amplitude. The altitude z0 of the source is
held constant at 12 km and the vertical size is !z = 3 km. We investigate variations in the lateral (or radial)
size !x (or !r) from 3 km to 150 km, and amplitude 0 from 0.01 to 0.2 N/kg.

In addition to source parameters, we vary the background ionosphere profile to investigate its effects on the
perturbation amplitude. The ionospheric profile choice has the strongest effects on the VLF transmitter elec-
tromagnetic (EM) wave propagation and also affects the shape and altitude of the disturbance produced in
the AGW model. We discuss the choices of ionospheric profile in the next section.

3.2. EM Propagation Model
To simulate the propagation of the VLF transmitter signal, we use a segmented long-path finite-difference
frequency domain (FDFD) model of subionospheric VLF propagation [Chevalier and Inan, 2006]. This model
allows for arbitrarily specified electron density and collision frequency in 2-D (altitude range, cylindrical
coordinates) [Marshall and Inan, 2010]. We begin with an ionospheric electron density profile specified
either by the International Reference Ionosphere (IRI) model [Bilitza and Reinisch, 2008] or the Wait and Spies
[1964] (WS) model where the electron density ne in cubic centimeters at altitude h is given by

ne(h) = 1.43 × 107 exp(−0.15h′) × exp
[
(# − 0.15)(h − h′)

]
(2)

where h′ is a reference altitude, typically 83–87 km, and # is a “sharpness” parameter, which is typically
varied between 0.5 and 0.9. Note that # is effectively the inverse of the ionosphere scale height; higher # cor-
responds to a smaller scale height, or sharper profile near h′. We also use an MSIS-E-90 atmospheric density
profile [Hedin, 1991], from which the collision frequency is specified by $e = (qe∕me)∕%e, with the electron
mobility %e = 1.4856N0∕N, and N is the neutral density as a function of altitude [e.g., Pasko et al., 1997]. We
use the same ionosphere and atmosphere profiles in the propagation mode and the fluid model in each
particular case. We input the disturbance produced by the fluid model at the approximate location along
the great-circle-path of one of the two thunderstorms (over either South Florida or the Florida panhandle).
The model takes into account real ground conductivity and magnetic field direction and amplitude for the
specified path.
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Modeling Framework: Example Chemical Model

Approach: Separate equations of motion and source terms by forms of 
resulting PDEs / ODEs and solution methods.

Continuity equation for a chemical species: 

Here, we have (1) advection, (2) diffusion (coefficient D), and (3) 
production P and loss L source terms (which form an ODE).  

1. Solve via method for hyperbolic problems. 
2. Solve via method for parabolic problems. 
3. Solve via ODE techniques.

@n

@t
+r · (n~u) = Dr2n+ P � L



Modeling Framework: Example Dynamical Model

Approach: Separate equations of motion and source terms by forms of 
resulting PDEs / ODEs and solution methods.

Euler Equations + Navier Stokes Viscosity +  Sources

Here, we have (1) advective equations of motion, (2) viscous and 
conductive damping, and (3) various source terms. 

1. Solve via method for hyperbolic problems. 
2. Solve via method for parabolic problems (or ODEs). 
3. Solve via ODE techniques.

@Q

@t
+r · Fadv. = r · Fvisc. +  grav +  geom +  source



Typical Modeling Challenges:

• Disparate Time Scales / “Stiff” Source Terms 
• Operator  / Time Splitting over different dt? 

• Effects of order of operations? Need for implicit solution? 

• Mixed systems: Hyperbolic, parabolic, elliptic in different regimes? 

• Boundary Conditions 
• Validity for different physical waves in a system of equations? 

• Numerical vs. physical formulations. 

• Numerical vs. Physical Stability, Dissipation, Dispersion… 
• Identification of physical versus numerical features? 

• Conscious application/acceptance of dispersion or dissipation?


