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Classifications...

- Initial Value Problems (IVP)

* Open Domain, evolves from initial yo, at .

* Progress Forward in Time (“time-like” coordinate).



Methods

* First Order
* Forward Euler (Explicit)
 Backward Euler (Implicit)
- Second (and Higher) Order
* Moditied Midpoint
* Modified Euler
* Runge-Kutta



Recall: Forward Ditference

Define: Ax =x—x9 — x = xg+ Ax

Use those expressions to solve for derivative term...

(xg) = LE B ZJ00) 4 ()

Result is first-order accurate.



Forward kEuler Method

Solve: y;l = yn_HAt_ I — f(tn/ yn)

Construct an explicit method:

Yn+1l = Yn T Atfn

Result is first-order accurate, conditionally stable,
and easy to implement.



Recall: Backward Difference

Define: Ax =x—x9 — x = xg+ Ax

Use those expressions to solve for derivative term...

f,(xO) _ f(x()) _,i(xx() _ AX) | O(AX)

Result is first-order accurate.



Backward Euler Methoao

Solve: y:/l—l—l — yn+1At_ In f(tus1, Yns1)

Construct an implicit method:

Yp+1 = Yn + Dt f41

Result is first-order accurate, unconditionally stable,
and requires additional numerical solution.



Recall: Centered Difference

Define: Ax =x—x9 — x = xg+ Ax

Subtract expressions to solve for derivative term...

£(xo) = fxg+ Ax)zgj(x() — Ax) I (’)(sz)

Result Is second-order accurate, and “centered”.



Midpoint Methoo

.
Solve: Yiy1/0 = P = fltar1/2Yni1/2)

Construct an implicit method:

Ynt+1/2 = Yn + Dtfui12

Practically, apply predictor-corrector approach to
obtain an explicit method, where fn.1/2 IS predicted.

At
yft+1/2 = YnA 2fn
Yni1 = Yn T AL ;f+1/2

Result IS second-order accurate.



Midpoint Methoo

Alternatively, apply predictor-corrector approach to
obtain an explicit method, where fh1/2 IS approximated
via a laylor series expansion:

Vo1 = YntDtfy

At
L‘/ZH = Yn > (fn‘|‘f;f 1)

Also called “modified Euler method”, or
‘modified trapezoid method”.

Again, result Is second-order accurate.



Runge-Kutta Methods

Based on weighted sums of increments to solution Ay; ...

Ay = C1Ay; + C2Ay, + C3Ay3 + C4Ay, + ...

Yp+1 = Yn + C1AYy1 + C2Ay, + C3Ay3 + C4Ay, + ...

For second order, two coefficients and
two Ay;are needed. For fourth order,
four of each are needed.

Perhaps the most familiar and popular
RK method is the 4th order formulation...



Runge-Kutta (RK4)
Fourth-Order Method

1
Yn+1 = Yn + 2 (By1 + 28y +28y3 + Aya)

Ayr = Atf(tn, yn)

At A
Ayr = Mtf(tu+ o yn+ =)
B | At | Ayz
Ay3 T Atf(tn | Z’yn ! ) )

Ay4 — Atf(tn At/]/n AyB)




Classifications...

- Boundary Value Problems (BVP)

* Closed Domain, constrained by values y1, y2 at
two points Xy, xe.

* May satisty an equilibrium solution in space.



Two Approaches

- “Shooting” methods
* Evolve from initial boundary x1 with value yx.

* |terate parameters (e.g., dy/dx @ 1) until second
value y» at next boundary xq2is satistied.

- “Equilibrium” methods

* Construct finite difference solution to problem
subject to boundary conditions.

* Solve simultaneously as a system.



