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Static Maxwell’s Equations: 
Integral Form

Faraday’s Law:
(“Kirchhoff’s Law”)

Gauss’s Law:
(E Field)

Gauss’s Law:
(B Field)

Ampere’s Law:

I
~E · d~s = Qencl

✏
o

I
~B · d~s = 0

I
~E · d~l = 0

I
~B · d~l = µ

o

i
c



Static Maxwell’s Equations: 
Differential “Point” Form

r · B = 0

r · E =
⇢

✏
o

Faraday’s Law:

Gauss’s Law:
(E Field)

Gauss’s Law:
(B Field)

Ampere’s Law: r⇥B = µ
o

J

r⇥E = 0



Circulation and Curl Visualized

[Markus Zahn, Electromagnetic Field Theory, p. 31]
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Figure 1-20 A fluid with a velocity field that has a curl tends to turn the paddle wheel.
The curl component found is in the same direction as the thumb when the fingers of
the right hand are curled in the direction of rotation.

a small paddle wheel is imagined to be placed without dis-
turbance in a fluid flow, the velocity field is said to have
circulation, that is, a nonzero curl, if the paddle wheel rotates
as illustrated in Figure 1-20. The curl component found is in
the direction of the axis of the paddle wheel.

1-5-2 The Curl for Curvilinear Coordinates

A coordinate independent definition of the curl is obtained
using (7) in (1) as

fA~dl
(V x A), = lim (8)

dS.-.• dS.

where the subscript n indicates the component of the curl
perpendicular to the contour. The derivation of the curl
operation (8) in cylindrical and spherical. coordinates is
straightforward but lengthy.

(a) Cylindrical Coordinates
To express each of the components of the curl in cylindrical

coordinates, we use the three orthogonal contours in Figure
1-21. We evaluate the line integral around contour a:

A dl= A,(4) dz + A,(z -&Az) r d4

+ A( +A)r dz + A(z) r d4

([A,( +A4)-A,(,)] _[A#(z)-A#(z -Az)] r Az
rA jr AZA
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The Curl and Stokes' Theorem

Here, curl is defined for each component 
as the circulation per unit area around 

each normal vector direction.



Stokes’ Theorem Visualized

[Markus Zahn, Electromagnetic Field Theory, p. 27]
36 Review of Vector Analysis

Figure 1-23 Many incremental line contours distributed over any surface, have
nonzero contribution to the circulation only along those parts of the surface on the
boundary contour L.

Each of the terms of (23) are equivalent to the line integral
around each small contour. However, all interior contours
share common sides with adjacent contours but which are
twice traversed in opposite directions yielding no net line
integral contribution, as illustrated in Figure 1-23. Only those
contours with a side on the open boundary L have a nonzero
contribution. The total result of adding the contributions for
all the contours is Stokes' theorem, which converts the line
integral over the bounding contour L of the outer edge to a
surface integral over any area S bounded by the contour

A *dl= J(Vx A)* dS (25)

Note that there are an infinite number of surfaces that are
bounded by the same contour L. Stokes' theorem of (25) is
satisfied for all these surfaces.

EXAMPLE 1-7 STOKES' THEOREM

Verify Stokes' theorem of (25) for the circular bounding
contour in the xy plane shown in Figure 1-24 with a vector

36 Review of Vector Analysis
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Z

S
(r⇥A)ds =

I

C
A · dl

The surface integral of the curl of 
a vector field over an open 
surface is equal to the closed line 
integral of the vector along the 
contour bounding the surface.



Summary

Stokes’ Theorem allows us to translate between 
integral and differential forms of the curl 
equations (Ampere’s and Faraday’s Laws).

Have you started reading Chapter 3 yet?


