Solitons

They are waves that do not disperse or dissipate but instead

maintain therir size and shape indefinitely. A recent finding

1s that solitons may appear as massive elementary particles

aves and particles have been
intimately related in physical
theory since the formulation

of quantum mechanics in the 1920’s. In
the past few years another connection
between them has emerged. It comes
from a surprising source: the analysis of
certain wave equations that are not part
of quantum mechanics but instead de-
rive from classical physics. Solutions to
these equations describe waves that do
not spread or disperse like all familiar
waves but retain their size and shape in-
definitely. The wave can be regarded as
a quantity of energy that is permanently
confined to a definite region of space. It
can be set in motion but it cannot dissi-
pate by spreading out. When two such
waves collide, each comes away from
the encounter with its identity intact. If a
wave meets an “‘antiwave,” both can be
annihilated. Behavior of this kind is ex-
traordinary in waves, but it is familiar in
another context. Given a description of
an object with these properties, a physi-
cist would call it a particle.

Waves that propagate without dis-
persing have been known for some time
in hydrodynamics, where they are called
solitary waves or solitons. What has
been discovered recently is that nondis-
sipative waves also arise from some of
the equations formulated to describe el-
ementary particles. The name soliton
has been borrowed for these objects.
The solitons I shall discuss here are
those that share a particular mechanism
of confinement: they are prevented from
dispersing by a topological constraint.
They cannot decay by spreading out for
the same reason a knot tied in an endless
rope cannot be removed without cutting
the rope.

For now the solitons of particle phys-
ics are entirely the creation of theorists,
and it may yet turn out they do not exist
in nature. On the other hand, if the equa-
tions that describe elementary particles
are found to be among those that ad-
mit soliton solutions, then the solitons
should appear as new particles. They
would be very massive, perhaps thou-
sands of times heavier than the proton.
A soliton particle would also have cer-
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tain distinctive properties; for example,
one theory predicts that each soliton
would be a magnetic monopole, an iso-
lated north or south magnetic pole.

Evenif such particles do not exist, sol-
itons may enter the realm of elementa-
ry-particle physics in another role, as
objects confined not only to a definite
region of space but also to a moment
in time. Such evanescent solitons have
been named instantons. Like the soliton,
the instanton is a classical object with a
quantum-mechanical interpretation. It
is viewed not as a particle but as a tran-
sition between two states of a system,
a manifestation of the phenomenon
called tunneling. Transitions facilitat-
ed by instantons have already been in-
voked to explain a pattern of particle
masses that had been a long-standing
puzzle to theorists.

n order to understand what is remark-
able about a wave that does not dis-
perse, one need only consider an ordi-
nary, dissipative wave such as the one
generated when a pebble is dropped into
a still pond. Such a wave travels over
the water surface as an expanding ring.
Careful observation reveals that the dis-
turbance becomes less pronounced as it
moves away from the source, and even-
tually it dies out completely.

An important factor in the decay of
water waves is the viscosity of the medi-
um, a manifestation of friction. In some
mediums, however, waves propagate
without friction but nonetheless decay,
and even waves in a pond filled with a
frictionless fluid would die out. The rea-
son is that components of the wave that
have different wavelengths propagate
with different speeds, spreading the en-
ergy of the wave over a larger area.
When the wave is viewed in cross sec-
tion, it becomes continually broader but
of smaller amplitude. If it is allowed to
continue to infinity, it disperses over an
infinite area and thereby disappears.

Solitons are not, strictly speaking, im-
mune from dispersion; rather, they are
waves in which the effects of dispersion
are exactly canceled by some compen-
sating phenomenon. The compensation
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is possible only in a certain class of
waves, those whose equation of motion
is of the kind said to be nonlinear. The
propagation of such a wave is influenced
not only by the shape of the disturbance
but also by its magnitude.

The first recorded observation of a
soliton was made almost 150 years ago
by John Scott Russell, an engineer and
naval architect. He reported to the Brit-
ish Association for the Advancement of
Science: “I was observing the motion of
a boat which was rapidly drawn along
a narrow channel by a pair of horses,
when the boat suddenly stopped—not so
the mass of water in the channel which it
had put in motion; it accumulated round
the prow of the vessel in a state of vio-
lent agitation, then suddenly leaving it
behind, rolled forward with great veloc-
ity, assuming the form of a large, soli-
tary elevation, a rounded, smooth and
well-defined heap of water, which con-
tinued its course along the channel ap-
parently without change of form or dim-
inution of speed. I followed it on horse-
back, and overtook it still rolling on at
a rate of some eight or nine miles per
hour, preserving its original figure some
30 feet long and a foot to a foot and a
half in height. Its height gradually di-
minished, and after a chase of one or
two miles I lost it in the windings of the
channel.”

Scott Russell proposed thatthe stabil-
ity of the wave he had observed resulted
from intrinsic properties of the wave’s
motion rather than from the circum-
stances of its generation. This view was
not immediately accepted. In 1895,
however, D. J. Korteweg and Hendrik
de Vries gave a complete analytic treat-
ment of a nonlinear equation in hydro-
dynamics and showed that localized,
nondissipative waves could exist. Soli-
tons have since become a well-recog-
nized phenomenon in various fields of
engineering and applied mathematics.

he solitons of interest in particle
physics arise from equations that de-
scribe fields, or physical systems that are
extended in space. A field assigns to ev-
ery point in space a value of some speci-
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SOLITON AND ANTISOLITON appear as kinks of opposite direc-
tion in the structure of a field. In the upper illustration the evolution
of the field itself is depicted; proceeding from front to back, each line
represents a successive configuration of the field. The lower illustra-
tion shows the energy distribution corresponding to each configura-
tion. At the beginning of the sequence the soliton and the antisoliton
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are approaching each other, the antisoliton moving faster and there-
fore having a higher energy. When the two waves meet, they are both
annihilated and from their energy another soliton-antisoliton pair is
immediately created. The one-dimensional field in which the waves
propagate is called the sine-Gordon field. Everywhere outside the
soliton and the antisoliton the field takes on values with zero energy.
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fied quantity. such as electric potential.
Often more than one quantity is defined
at each point. The values can change
from point to point and from moment to
moment, but they must do so smoothly
and continuously.

The most familiar field is the elec-
tromagnetic one described by the field

equations of James Clerk Maxwell. In
Maxwell’s theory six values are assigned
at each point in space; they represent the
components of the electric and the mag-
netic fields along any three orthogonal
axes. Gravitation is also described by
field equations, those of Einstein’s gen-
eral theory of relativity. The surface of a
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PERSISTENCE OF A WAVE is limited mainly by dispersion, the process whereby compo-
nents of a wave that have different wavelengths propagate at different speeds. Because of dis-
persion, an ordinary wave (upper graphs) tends to flatten and spread as it moves and must even-
tually die out entirely. A soliton (lower graphs) is a wave that does not dissipate because the
effects of dispersion are canceled by other features of the wave’s motion. The soliton repre-
sents a quantity of energy that can move from point to point but cannot spread out in space.
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FIELD IN SPACE is the medium in which solitons propagate. A field assigns to each point in
space some definite value of a specified quantity. Here the space (@) is one-dimensional, and the
points shown are merely a few selected from an infinite continuum. In the simplest field (5)
only a magnitude is measured at each point, represented here by the length of a line segment.
A more complicated field, a vector field (c), has both a magnitude and a direction, shown here
by arrows. For a field to be physically possible it must be defined everywhere (although its value
can be zero), and if it changes from point to point, variation must be smooth and continuous.
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pond can be regarded as a model of a
two-dimensional field. The quantity to
be specified at each point is vertical po-
sition, or height above some reference
level. A wave passing through the wa-
ter then becomes a perturbation of this
field.

An essential property of a field is that
it can carry energy, just as a particle can.
The energy of the field per unit volume
is expressed mathematically as the sum
of three quantities. One of these quanti-
ties is proportional to the square of the
rate at which the field varies in time. The
second term has a similar form but is
proportional to the square of the rate at
which the field varies in space. The third
quantity is determined not by a rate of
variation but by the actual magnitude of
the field at each point. It is customary to
call the first term kinetic energy and the
sum of the other two terms potential en-
ergy. In this discussion, however, it will
be convenient to have a name for each
of the three quantities, and so I shall give
the name intrinsic energy to the compo-
nent that depends on the actual magni-
tude of the field, leaving the name po-
tential energy for the component that is
proportional to the square of the spatial
rate of variation.

An intuitive rationale can be provided
for this analysis of the energy of a field.
The kinetic-energy term states that the
total energy of the field rises when the
value of the field (at each point) changes
more quickly. In the water surface con-
sidered as a model of a field thisrelation
implies that the kinetic energy is propor-
tional to the square of a rate of change in
position, or in other words to the square
of a velocity. It is a matter of everyday
experience that when something moves
faster, it carries more energy.

The potential energy, as I have de-
fined it, rises when a change in the state
of the field is compressed into a smaller
space. Intuition again confirms that the
energy needed to bend or deform an ob-
ject rises when the bend is made sharper.
The interpretation of the intrinsic com-
ponent of the energy is even more
straightforward: it should hardly seem
surprising that the energy of a field de-
pends on the magnitude of the field. In
the pond model the intrinsic energy is
related to the overall surface level of the
water. A higher waterline corresponds
to a higher energy.

Because the kinetic energy and the po-
tential energy of a field are both
squared quantities they can never take a
negative value. In evaluating the intrin-
sic energy of a field only energy differ-
ences need be considered, such as the
difference between two water levels in
a pond. The smallest observed intrin-
sic energy can therefore be set equal to
zero, and so the intrinsic energy can also
be defined in such a way that negative
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ENERGY OF A FIELD is the sum of three components, all of them
illustrated here on a water surface, which can be regarded as a model
of a field. The kinetic energy is proportional to the square of the rate
at which the field varies in time; a field with faster-moving waves
embodies more energy. The potential energy is proportional to the
square of the spatial rate of variation; a field whose fluctuations have
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a shorter wavelength has a higher energy. The intrinsic energy is de-
termined by the magnitude of the field, although the rule relating
these two quantities can take many forms. In the example of the wa-
ter surface a higher water level corresponds to higher intrinsic ener-
gy. The energy of the field is zero when the field is static and uni-
form and in a configuration that yields the minimum intrinsic energy.
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VACUUM STATES of a field are the zero-energy configurations.
Because the kinetic and the potential energy can always be reduced
to zero by making the field static and uniform, only the intrinsic ener-
gy need be considered in determining the vacuum states. Here the in-
trinsic energy is plotted as a function of the magnitude of the field
for fields described by three simple equations. If the energy increases
as the square of the magnitude of the field (a), there is only one vac-
uum state: the energy is zero when the field itself is zero. A variant
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of this equation (b) yields a field with two vacuum states. The energy
is zero when the field has values of +1 or —1 but, significantly, the en-
ergy is greater than zero when the field itself vanishes. The energy of
the sine-Gordon field (¢) is a periodic function and has an infinite
number of vacuum states. If the magnitude of the sine-Gordon field
is interpreted as an angle in degrees, then the energy is zero when-
ever the magnitude is equal to zero, 180, 360 and so on. Topolog-
ical solitons can exist only in fields that have multiple vacuum states.
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values never appear. Thus the minimum
total energy of a field is zero.

The state of a field that has minimum
or zero energy is called the vacuum
state. It is clear that in the vacuum state
the field must be constant throughout
both space and time, since any variation
would give the kinetic or the potential
energy a value greater than zero. To
achieve the vacuum state it is thus neces-
sary only to minimize the intrinsic ener-
gy. The vacuum is the state of a uniform
field that has zero intrinsic energy.

Since the intrinsic energy is deter-
mined by the magnitude of the field, the
most obvious configuration is one where
the intrinsic energy is at its minimum
when the field itself is zero everywhere.
The vacuum is then the state with no
field at all, which corresponds to the
intuitive notion of a vacuum as be-
ing empty space. Surprisingly, however,
that is not the only possibility. There are
a number of field equations for which
the intrinsic energy vanishes at some
nonzero value of the field. Hence the
state of the system with no field, which
might at first seem to represent the vac-
uum, can actually have a higher ener-
gy than some alternative state with a
nonzero field. That alternative state is
the true vacuum, the point of zero ener-
gy. even though it describes a space per-
meated by a uniform field. An example
of a field of this kind is the magnetic field
of a ferromagnet. The state of minimum
energy for a ferromagnet is not the de-
magnetized condition; on the contrary,
a ferromagnet spontaneously generates
and maintains a magnetic field because
it can reduce its energy by doing so.

If the intrinsic energy can fall to zero
for some value of the field other than
zero, then it might be zero at more than
one value. Indeed, certain field equa-
tions give rise to a multiplicity of vacu-
um states, each state associated with a
different value of the field. All the vac-
uum states are equivalent (they have
the same zero energy), but they are dis-
tinct. The existence of at least two vac-
uum states is a necessary condition for
the creation of the solitons I shall de-
scribe here.

Suppose a wave, an excitation of
some field, is observed at a given mo-
ment to occupy a finite volume of space.
Outside this region there are no other
excitations and the value of the field is
such that the energy is zero everywhere.
The overall state of the system can-
not be the vacuum because there is en-
ergy in the wave. As the wave disperses,
however, its energy will be distributed
through ever larger volumes, and when
it spreads to infinity, the energy per unit
volume will have fallen to zero. The
wave has then disappeared and the field
has a constant vacuum value through-
out space.

If the field is one that can have multi-
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ple vacuum states, there is another pos-
sible configuration of the system. In the
regions surrounding an isolated wave
there may be different values of the
field, all of them corresponding to the
vacuum but nonetheless distinct. If the
topological arrangement of the vacuum
states is such that the field cannot be
extended to a consistent vacuum val-
ue everywhere in space, then the wave
will be unable to expand and disperse.
The result is a stable perturbation of the
field: a soliton.

he topology of a soliton can be made

clearer by considering a few exam-
ples of particular field equations. The
simplest of these equations describes a
field that exists in a one-dimensional
space, a line of infinite length where
each point can be specified by a single
coordinate, x. A field in this space as-
signs to each point on the line some val-
ue, which I shall designate by the Greek
letter ¢ (phi). A more formal description
of the field is given by the mathematical
expression ¢(x), which is read “¢ is a
function of x,” or more briefly “¢ of x,”
and which means that for every point on
the line there is a unique value of the
field .

In the same way that ¢ depends on x
the intrinsic energy depends on ¢. This
dependence is recorded explicitly by the
notation E/(¢): the intrinsic energy is a
function of ¢, and thus each possible
value of the field has some definite in-
trinsic energy. The physical meaning of

these mathematical formulas is easily _

deciphered. Given any point, x, in the
one-dimensional space, the value of the
field is specified at that point without
ambiguity. Given the value of the field
at each point, one can then calculate its
intrinsic energy. Solitons appear when
several values of the field have the same
minimum intrinsic energy.

One expression for the intrinsic ener-
gy that can give rise to solitons is the
equation E;= (sin ¢)2. The equation
states that for any value, ¢, of the field,
the intrinsic energy can be found by
taking the sine of ¢ and then squaring
the result. The equation of motion for
waves propagating in a field that has
this property is called the sine-Gordon
equation. It is a modification of an-
other equation first discussed in 1926
by Oskar Klein and Walter Gordon.

The properties of the sine-Gordon
field can be explored by substituting nu-
merical values for ¢ in the equation that
defines the intrinsic energy. The values
need not be assigned any dimensions.
For the sake of simplicity I shall assume
here that the units are chosen so that the
intrinsic energy varies between zero and
1 and that ¢ is measured in degrees.

The sine is a trigonometric function
whose value ranges from zeroto + 1 and
from zero to — 1. and so its square must
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be confined to the range of values be-
tween zero and + 1. If ¢ is equal to zero,
then the sine of ¢ and the square of the
sine are also zero: hence the sine-Gor-
don equation is one in which the state
with no field is a vacuum state. As ¢
increases from zero to 90 the sine and
the square of the sine rise smoothly.
reaching a value of 1 when ¢ is equal to
90. As ¢ continues to increase, however,
the square of the sine decreases and re-
turns to zero when ¢ is equal to 180.

‘That value of ¢ therefore specifies an-

other vacuum state of the system. With
a continuing increase in ¢ the sine be-
comes negative, but the square of the
sine, of course, remains positive and
again has a value of 1 when ¢ is equal to
270. When ¢ is equal to 360, the square
of the sine is zero again, representing
another vacuum state. Additional states
of zero intrinsic energy are found when
¢ is set equal to 540, 720, 900, 1,080
and so on. As ¢ increases there are infi-
nitely many possible vacuum states,
each separated from the neighboring
vacuum by a hump where the intrinsic
energy rises smoothly to a value of 1.

he configuration of a one-dimen-

sional field can be represented by
a two-dimensional graph, that is, by a
graph on a plane. One axis is labeled
with all the points, x, in the one-dimen-
sional space; the other axis gives all pos-
sible values of the field, ¢. For each
point x a mark is made on the plane at a
position corresponding to the value of
the field at that point. Because the field
must be defined at every point and be-
cause the values must form a continu-
um, the marks can always be connected
to make a line or curve. If the line is
straight and parallel to the x axis, it rep-
resents a state in which the field is con-
stant at all points.

In order to display the intrinsic energy
of the field a third dimension is added to
the graph: intrinsic energy is made pro-
portional to height above the plane. For
the sine-Gordon field the points repre-
senting the intrinsic energy of every pos-
sible value of the field form a sinusoidal-
ly undulating surface. In thisenergy sur-
face the undulations are parallel to the x
axis and have troughs of zero energy
where ¢ is equal to zero, 180, 360 and
SO on [see illustration on opposite page].

In this three-dimensional graph the
configuration of the field is represented
by a line laid on the undulating ener-
gy surface. One possible configuration
is represented by a straight line that
remains at the bottom of one of the
troughs, say the trough at ¢ = 180. The
meaning of the graph is that the field has
a magnitude of 180 at every point on the
line x. It does not vary in space and un-
less it is perturbed by some outside influ-
ence it cannot vary in time. Moreover,
because ¢ = 180 is one of the values of
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ENERGY SURFACE of the sine-Gordon field illustrates the topo-
logical constraint that confines a soliton. Distance along the x axis,
which extends to mﬁmty in both directions, gives the position of a
point in a one-dimensi Dist along the axis labeled ¢
gives the magnitude of the ﬁeld at the point x. The height of the ener-
gy surface above the plane (along the axis labeled E) gives the intrin-
sic energy of the field at this point. The sine-Gordon field has multi-
ple vacuum states, namely the troughs in the energy surface. A line
that lies in one of these troughs describés a global vacuum state: the
field has the same magnitude everywhere, and it is a magnitude that
corresponds to zero intrinsic energy. A line that oscillates within a
valley represents a local excitation of the field, or an ordinary wave.
Because the line wanders above the floor of the valley this field car-

ries energy, but the wave will eventually disperse. A soliton forms
when the field assumes different vacuum values along the two direc-
tions that lead to infinity. For the soliton shown here the field to the
left is in the vacuum state at ¢ = 0, but to the right it has the alterna-
tive vacuum value of ¢ = 180. The field is required to be continuous,
and so at some point along the x axis it must cross the hump in the
energy surface that separates the two vacuum states. The kink at the
transition zone is the soliton. It can be pushed from side to side, but if
the surface is infinite, the kink can never be removed and the soliton
can never disperse. At the bottom the intrinsic energy of the three
field configurations is projected onto a two-dimensional graph. The
dissipative wave and soliton also have potential energy, and if they are
moving, they have kinetic energy, but these quantities are not shown.
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OPTIMUM SHAPE for a soliton is the shape that yields the smallest sum of potential energy
and intrinsic energy. The potential energy, being determined by the spatial rate of variation, is
smallest when the transition is gradual and the line crosses the ridge at a shallow angle (a). A
long segment of the line, however, is then near the peak in intrinsic energy. The intrinsic ener-
gy is minimized when the line crosses the ridge almost perpendicularly (b), but such an abrupt
transition makes the potential energy large. The best compromise is achieved when the line
crosses the ridge at an intermediate angle (c) and the potential and intrinsic energy are equal.
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the field for which the intrinsic energy is
zero, the total energy of the field is zero.
The field is in one of its many equivalent
vacuum states; because it is the same
state everywhere it is called a global
vacuum.

Another configuration results when a
small perturbation is introduced into a
line that lies in one of the troughs of zero
intrinsic energy. At the site of the pertur-
bation the line representing the state of
the system climbs partway up one wall
of the valley, plunges back to the floor
and up the other wall, then continues
this sinuous pattern in a series of oscilla-
tions that become progressively smaller.
The graph corresponds to a wavelike ex-
citation of the field, but one that will
eventually disperse. Where the line wan-
ders above the floor of the valley the
field has intrinsic energy, and because it
varies in space it has potential energy.
The process of dispersion itself adds
kinetic energy. As the wave spreads
out over the infinite length of the line,
however, the energy per unit length
approaches zero and the field returns
to a stable state of global vacuum.

A soliton of the sine-Gordon field ap-
pears when the line representing the
state of the system climbs from the bot-
tom of one valley in the energy surface,
crosses a ridge and descends to the bot-
tom of an adjacent valley. Extending in
either direction from this point of transi-
tion the field is in a stable vacuum state
but not the same vacuum state. For ex-
ample, the magnitude of the field at all
points to the left of the transition might
be 180 and at all points to the right 360.
In the transition region the field does not
have a vacuum configuration. It has in-
trinsic energy because the line must sur-
mount the hill in the energy surface, and
it has potential energy because the value
of the field changes from one point to
the next.

The soliton represents a kink in the
configuration of the field, and if the line
x extends to infinity in both directions,
the kink can never be removed. One end
of the line is anchored in the vacuum
state at ¢ = 180 and the other end at
¢ = 360. Since the line must be contin-
uous, it must cross the energy maxi-
mum between these two vacuum states
at some point along its length. The soli-
ton can never disperse and its energy
can never be dissipated.

he energy of a soliton in the sine-

Gordon field depends on the geome-
try of the transition between vacuum
states. The potential energy is mini-
mized when the field varies as gradually
as possible, and therefore when the line
crosses the ridge at a shallow angle,
nearly parallel to the x axis. In that con-
figuration, however, the line is elevated
above the bottom of the valley for a sub-
stantial distance and the intrinsic energy
is high. The intrinsic energy assumes its
minimum value when the line crosses
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CREATION AND ANNIHILATION of solitons resemble the cor-
responding operations among quantum-mechanical particles. In the
sine-Gordon field a section of the line that describes the state of the
system can be lifted from the bottom of one valley and draped over
a ridge into a neighboring valley. The result is the simultaneous crea-

the hill perpendicular to the x axis, mak-
ing a very abrupt transition between
vacuum states, but in that case the rate
of spatial variation is high and the po-
tential energy reaches an extreme value.
The minimum total energy of the soliton
is achieved when the crossing is smooth
and at an intermediate angle, so that the
intrinsic energy and the potential energy
are equal.

Although the sine-Gordon field has a
remarkably simple structure, the soli-
tons that appear in it have several im-
portant properties in common with ma-
terial particles. The stability of the soli-
ton at rest has already been discussed.
The soliton can also be set in motion
without altering its form: the transition
region between the two vacuum states
rolls along the hill at a constant velocity.
Even when the soliton is in motion, the
width of the transition region remains
constant, and the only change in the en-
ergy is the addition of a term for the
kinetic energy.

There is nothing in the sine-Gordon
equation thatrestricts the field to config-
urations with only one soliton, and in
principle there could be an unlimited
number of both solitons and antisoli-
tons. By convention a soliton is a kink
where the field increases (from one vac-
uum value to the next) as x increases and
an antisoliton is a kink where the field
decreases with increasing x. It is a sim-
ple matter to create a soliton-antisoliton
pair from a state of global vacuum: sim-
ply pick the line up from the bottom of
one valley and drape a loop over the
ridge into an adjacent valley. The proc-
ess corresponds to the creation of a par-
ticle and its antiparticle in a quantum
field theory.

In the reverse process a soliton and
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an antisoliton collide. The sine-Gordon
equation has the special property that
both the soliton and the antisoliton
emerge from the collision unchanged,
but it is easy to modify the equation
so that the waves are annihilated. Both
kinks then disappear and their energy is
dissipated in a wave that disperses into
the global vacuum. Mutual annihilation
is also observed among particles and an-
tiparticles. Because any soliton-antisoli-
ton pair can readily be created or annihi-
lated, it is only the difference between
the total numbers of these objects that is
conserved. For example, a given field
might go off to infinity in one direction
at a value of ¢ = 180 and in the other
direction at ¢ = 360, but there could
be seven solitons and six antisolitons in
the transition region between these two
values. Six solitons and six antisolitons
could be made to annihilate one anoth-
er, but there is no way for the last soliton
to be eliminated.

It is easy to make a working model of
the energy surface of the sine-Gordon
field. Fold a piece of heavy paper into
several accordion pleats, or if possible
into smooth undulations, then place a
length of flexible key chain across the
surface. If the chain begins in the bot-
tom of one pleat and ends in another, a
soliton must exist where the chain cross-
es from one vacuum state to the other.
The absolute conservation of the soliton
cannot be proved unless the surface and
the chain are made infinitely long, but
certain other properties can be investi-
gated. By tilting the surface, for exam-
ple, one can make the soliton move, and
with careful manipulation it may even
be possible to observe the creation and
annihilation of soliton-antisoliton pairs.
I first saw such a model demonstrated by
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tion of a soliton and an antisoliton, which can move away from the
site. In the reverse process a soliton and an antisoliton meet and anni-
hilate each other. Equations that govern the sine-Gordon field always
create another pair immediately after the annihilation, but in other
soliton systems energy of the waves can be dissipated in other ways.

Holger Nielsen, a Danish physicist who
has done pioneering work in the study of
solitons.

It may appear that the sine-Gordon
field is an arbitrary construction that has
no point of contact with the real world.
As a one-dimensional field its descrip-
tive power is necessarily limited. What
is more, the multiple vacuum states that
are essential for the existence of solitons
are introduced by what may seem to be
a rather artificial assumption, namely
the assumption that the intrinsic energy
is a periodic function of the field. There
are physical phenomena in the three-di-
mensional world, however, that are ef-
fectively confined to one dimension. An
example is the motion of electrons along
a stack of molecules, and the sine-Gor-
don equation has been applied to the
analysis of this system and similar ones.
The periodic variation of the intrinsic
energy is also not too remote from expe-
rience. Consider the energy of a pendu-
lum expressed as a function of the angle
that measures deviation from the verti-
cal. As the angle increases from zero
degrees the energy rises to a maximum
when the angle measures half a turn,
then returns to zero after a whole turn,
and so on, passing through many equiv-
alent maximums and minimums as the
angle continues to increase.

The qualitative similarity between in-
teracting solitons of the sine-Gordon
field and certain interacting particles has
been extended to a formal equivalence.
In 1958 Walter E. Thirring of the Uni-
versity of Vienna formulated a quan-
tum-mechanical model of particles and
antiparticles moving in a one-dimen-
sional space. Sidney R. Coleman of
Harvard University has recently shown
that the Thirring model and the solitons
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TWO-DIMENSIONAL FIELDS can incorporate solitons if there are multiple vacuum states
with an appropriate topology. The fields are defined by two quantities at each point in space,
designated ¢; and ¢3. Each combination of ¢; and ¢, implies a definite intrinsic energy,
which is given by the energy surface for the field. In one possible field theory (upper diagram)
the energy is zero only when both components of the field are zero; no solitons are possible
in this field. Solitons can appear when the energy surface has a somewhat more complicated
structure (lower diagram). Here a field whose components are both zero has a definite, non-
zero energy. The vacuum states of the field are the combinations of ¢; and ¢, that describe
the circumference of a circle with unit radius. If ¢; and ¢ are the components of a vector,
then the field has zero energy when the magnitude of the vector is 1, regardless of its direction.
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of the sine-Gordon equation describe
the same phenomena. In the Thirring
model the particles are assumed to exist
and are then made to obey a postulated
scheme of interactions; the solitons, on
the other hand, are not introduced a
priori but arise naturally from the equa-
tions of motion. Nevertheless, the two
kinds of objects propagate and interact
in the same way.

he notable successes of the sine-Gor-
don theory aside, there is no ques-
tion that the real world has three spatial
dimensions rather than one dimension.
If solitons exist as real particles, they
must be found in a three-dimensional
theory. Two-dimensional waves with
the properties of solitons have been
known for a few years; the discovery of
three-dimensional solitons is more re-
cent. The latter may exist in nature as
particles; the two-dimensional solitons
are of interest in other branches of phys-
ics and are useful models for illustrating
the properties of the three-dimensional
ones. Indeed, once the step from the line
to the plane is made, no further concep-
tual barriers are encountered in the pas-
sage to spaces of higher dimensionality.
The stability of many solitons in high-
er-dimensional spaces can be proved by
topological arguments similar to those
employed in the sine-Gordon field, al-
though the geometric configuration of
the fields becomes somewhat more dif-
ficult to visualize. In two dimensions
the value of a field is a continuous func-
tion of position on a plane. A graph of
the field can be constructed by draw-
ing the plane and letting height above
each point represent the value of the
field at that point. The set of all values
forms a surface erected over the plane:
it is a flat surface parallel to the plane if
the field is constant or a more complicat-
ed surface for a field that changes from
point to point. In three dimensions the
field must be defined at every point in
ordinary space; it is not possible, howev-
er, to draw a graph of a three-dimen-
sional field except in a hypothetical
four-dimensional space. On the other
hand, the properties of the two- and
three-dimensional fields are very simi-
lar, so that for most purposes the sim-
pler field can serve to illustrate both.
In one dimension the property that
was found to be essential for the exis-
tence of solitons was the presence of
multiple vacuum states, where the in-
trinsic energy vanishes at various values
of the field. A soliton appears when the
field approaches different vacuum val-
ues as one proceeds toward infinity in
opposite directions on the line. On a
plane, infinity can be reached by pro-
ceeding in any direction from a chosen
origin; the number of directions that
lead to infinity is itself infinite. The di-
rections can be put into one-to-one cor-
respondence with the infinity of points
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on the circumference of a circle. The
situation is the same in three-dimension-
al space, where the directions toward in-
finity correspond to the points on the
surface of a sphere. For a soliton to exist
in either of these spaces the field must
approach distinct vacuum states along
each of the possible directions.

The topological peculiarity that gives
rise to solitons is not possible for all two-
and three-dimensional fields, or even for

all those fields that have multiple vacu-
um states. One requirement is that the
field itself be defined by more than one
quantity at each point. The fields I shall
discuss are specified by two values at
each point in two-dimensional space
and by three values in three-dimension-
al space. They are called vector fields
because the two or three quantities can
be regarded as giving the components of
a vector along two or three orthogonal

axes. The vector field is designated by
writing the symbol for the field with an
arrow over it: g. The intrinsic energy
of a two-component vector field can be
represented as a surface drawn over a
plane. The plane is not that of the two-
dimensional space itself but a plane giv-
ing all possible values of the vector field,
or all possible combinations of magni-
tude and direction for the vector ¢.
One plausible equation for calculat-
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CONFINEMENT OF A SOLITON in a two-dimensional space is
demonstrated by a topological argument. The space (a plane) is filled
with a vector field, a field defined at every point by a magnitude and
a direction. Outside some arbitrary domain, D, the field is observed
to radiate from D and its magnitude is everywhere equal to 1 (a). A
field of that magnitude (but only one of that magnitude) is assumed
to have zero intrinsic energy, and so everywhere outside D the field is
in a vacuum state. At issue is whether the vacuum can continue in-
side D. That it cannot is proved by the following procedure. Imagine
touring the perimeter of D while carrying an arrow that always re-
mains parallel to the field (5). After a complete circuit the arrow re-
sumes its original orientation, but it has rotated one turn. Now ex-
amine some microscopic region inside D; if the region selected is small
enough, the field inside it must be uniform, with all the vectors paral-

. VECTOR ROTATES
X 360 DEGREES

" VECTOR ROTATES
0 DEGREES

lel (¢), since large variations in the field cannot be compressed into
an arbitrarily small space. During a tour of this region (d) the arrow
does not rotate at all. Many other circular tours can be imagined at
scales intermediate between these two; for the larger tours the arrow
would still rotate by a full turn and for the smaller ones it would not
rotate. At some scale, however, there must be a transition, where the
rotation of the vector field changes from 360 to zero degrees. A the-
orem in topology states that such a transition is possible only if at
some point inside D the field itself vanishes, so that the direction of
the arrow is undefined. It follows that somewhere inside D the field
must be zero, and a smooth decline to zero at the center is the most
plausible configuration (e). A field with a magnitude of zero, howev-
er, is not a vacuum state; it has energy greater than zero. The energy
is that of a soliton, confined by a “twist” in the structure of the field.
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ing the intrinsic energy as a function of
the vector field is E; = (¢)2. The intrin-
sic-energy surface described by this
equation is a paraboloid, the surface
generated when a parabola is rotated
around its axis. The intrinsic energy
has just one minimum, at the apex of
the paraboloid, which corresponds to
the origin of the intrinsic-space plane.
Therefore the intrinsic energy is zero
only when both the magnitude and the
direction of the field are zero. Because
the field has only this one vacuum state,
corresponding to no field at all, topolog-
ical solitons are not possible.

Suppose the intrinsic energy is giv-
en by a somewhat different equation,
E;= (¢2 — 1)2. In this case the intrinsic
energy is not zero at the origin of the
plane; when§ is equal to zero, the intrin-
sic energy is equal to (—1)2, or simply 1.
Hence the state with no field is not a
vacuum state. The true vacuum state is

FRAME OF REFERENCE P

TRANSPORTED BY B

GAUGE FIELD

ROTATION OF FRAME

found when the magnitude of @ is equal
to 1, since (¢2 — 1)2is then equal to zero.
The equation (¢2 — 1)2 = 0 is the equa-
tion of a circle; it is satisfied by all the
points on the circumference of a circle
whose center is the origin and whose ra-
dius is 1. The field is therefore in a vacu-
um state whenever the magnitude of the
vector is 1, regardless of its direction.
The complete energy surface has a curi-
ous structure. At large distances from
the origin it looks much like a parabo-
loid, although it is steeper. Near the ori-
gin the surface reaches a minimum at all
points on the circle where the magnitude
of ¢ is equal to 1, then rises again inside
this circle. The surface looks like a quar-
tic paraboloid with a dent poked into its
apex [see illustration on page 102].
What does this energy surface imply
about the possible configurations of a
two-dimensional vector field? One con-
sequence of particular importance to

DOMAIN D

\

360 DEGREES

/! SMALL REGION OF
L DOMAIN D

ROTATION OF FRAME = 0 DEGREES

GAUGE FIELDS alter the description of a soliton in two or three dimensions. For a soliton to
exist, a field radiating from a domain, D, must be in a vacuum state outside D. Setting the mag-
nitude of the field equal to 1 makes the intrinsic energy zero, but the potential energy must
also be taken into account. Because a radiating pattern of vectors changes direction from point
to point, the potential energy does not seem to be zero. The quandary is resolved by introducing
a new field, the gauge field, which brings with it a prescription for transporting a frame of ref-
erence from point to point. Outside D the frame rotates by exactly the amount needed to keep
the direction of the field vector constant at all points (when the direction is measured with re-
spect to the transported frame). In a small region inside D neither the vector nor the frame
rotates. With the introduction of the gauge field the potential energy of the original field is
eliminated but the topological confinement of the soliton is retained. It is no longer the orig-
inal field vector but the gauge field whose net rotation changes from 360 to zero degrees.
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this discussion is that the field can have
zero intrinsic energy if the magnitude
of the field vector is everywhere equal
to 1, regardless of the vector's direc-
tion. Consider a field whose magnitude
and orientation have been measured at
all points on a plane outside some ar-
bitrary domain D. The magnitude of
the vector has been found to be equal
to 1 everywhere, and its direction is
such that the vector always points away
from the origin, which is inside the do-
main D. Hence outside D the plane is
filled with vectors that all have unit
length and that seem to radiate from D.
Everywhere outside D the field is in a
vacuum state, since the unit vector cor-
responds to zero intrinsic energy. The
question is: Can the vacuum state also
extend inside D, so that the field has zero
intrinsic energy everywhere? It cannot.
The proof that it cannot is topological in
nature and it shows that D must envelop
a region of finite energy: a two-dimen-
sional soliton.

Imagine taking a walk around the do-
main D, carrying an arrow that always
points in a direction parallel to that of
the field. On returning to the starting
place the arrow will be pointing in the
same direction it was when the walk
began, but it will have described a full
circle, a rotation through 360 degrees.
Now imagine examining some micro-
scopic region inside D. It might seem
most plausible for the pattern of radiat-
ing vectors to be reproduced at smaller
scale in this region, but a simple argu-
ment shows that such a field configura-
tion is impossible. If the field were to
make a 360-degree rotation within a mi-
croscopic region, the rate of spatial vari-
ation and hence the potential energy
would be enormous. As the area of the
sample approached zero the potential
energy would be unbounded. It follows
that if a small enough sample area can
be chosen, the field within it must be
uniform: the vectors at all points must
have not only the same magnitude but
also the same direction. Thus a micro-
scopic sample of D would reveal a field
in which all the vectors are parallel. An
arrow carried around this sample would
never deviate from its original orienta-
tion; it would not rotate at all.

The procedure of carrying an arrow
around a closed loop in a field illustrates
a theorem in topology. The theorem
states that if the field has no discontinui-
ties and does not vanish at any point,
then the arrow must rotate an integer
number of times during any circuit. The
arrow can fail to rotate at all, in which
case the integer is zero, or it can turn
once, twice and so on, but it cannot
make half a turn. No proof of this theo-
rem will be presented here, but it is sup-
ported by common sense, which indi-
cates that the arrow must return to its
original position at the end of any com-
plete loop.

The theorem is satisfied by the loop
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outside D, where the vector rotates
through 360 degrees, and by the micro-
scopic loop inside, where the rotation is
zero. What happens, however, during
some loop at an intermediate scale? At
some point, as the size of the region ex-
amined is reduced, thé rotation of the
field must make a transition from 360 to
zero degrees. The topological theorem
forbids a loop with a fractional rotation,
but it does include two escape clauses.
One is the possibility that the field has
a discontinuity, where its value chang-
es abruptly from one point to the next.
That solution is excluded, however, by
the requirement that all physical fields
exhibit only smooth and continuous
changes. The only remaining possibility
is that somewhere inside D the value of
the field falls to zero. At that one point
the net rotation can change from 360 to
zero degrees because where the field
vanishes the direction of the vector is
undefined.

This elaborate argument has been
presented for one purpose: to prove that
inside the domain D there must be a
point where the magnitude of the field is
not equal to 1; instead it must be equal
to zero. It then follows that at this point
the intrinsic energy is not zero. In fact,
the requirement that a field vary only by
smooth increments creates an entire re-
gion inside Dwhere the energy is greater
than zero. This lump of energy cannot
spread out over the plane; it is confined
by the “twist” where the net rotation of
the field changes by one turn.

A three-dimensional soliton is similar
in structure, and its confinement can be
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explained by analogous arguments. The
points of minimum intrinsic energy now
make up the surface of a sphere, and the
intrinsic energy rises both inside this
sphere and outside it. A field configu-
ration corresponding to these vacuum
states can again be postulated for all
points outside some domain, but now
the domain encloses a spherical volume
rather than a circular area. The same
topological argument shows that the
vacuum state cannot be extended to all
regions inside the domain, and so there
must be a region where the field has a
value that gives an intrinsic energy
greater than zero. This ball of energy isa
three-dimensional soliton, and it closely
resembles an elementary particle in or-
dinary space.

In the foregoing analysis of two- and
three-dimensional solitons an impor-
tant element has been neglected. The
configuration of the field outside the do-
main D has been defined as the vacuum
state because it has zero intrinsic energy,
but no account has been taken of its po-
tential energy. Because the field vector
changes direction at every point, the po-
tential energy is not zero. Indeed, it can
be proved that the potential energy is
infinite, so that the field configuration
not only fails to describe a localized
wave but also seems to be unattainable.

There is a way out of this impasse, but
it is not a simple one. The infinite poten-
tial energy outside the domain D can be
reduced to zero by postulating a new
kind of field, called a gauge field. In the
past several years gauge fields have be-

EQUATOR

TRANSPORT of a frame of reference according to the prescription of a gauge field is anal-
ogous to transport over the surface of the earth. If the frame is transported from its initial posi-
tion on the Equator directly to the pole, it assumes one final orientation (black), but moving it
first along the Equator and then to the pole yields a different final orientation (color). Hence
the rotation during a displacement depends on the path followed. The rotation results from the
curvature of the earth. In abstract space a gauge field has an effect equivalent to curvature.
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come much-studied structures, not only
in physics but also in mathematics,
where they are known by a different
name: connections. I shall not explore
the workings of a gauge field in detail
but shall concentrate on those proper-
ties that are important to the theory of
solitons.

In order to eliminate the potential en-
ergy of the field without also destroying
the soliton, the change in orientation of
the vector from point to point must be
abolished, while the overall rotation of
the field by 360 degrees must be pre-
served. Although these two goals may
seem to be irreconcilable, they are both
accomplished by a gauge field.

In describing the two-dimensional
field it was assumed implicitly that the
direction of the vector would be mea-
sured at each point with reference to
some fixed set of coordinate axes in the
abstract plane where all possible values
of ¢’ are plotted. The frame of reference
could be arbitrary, but it remained the
same throughout space: it was a global
frame. The introduction of a gauge field
allows the frame of reference to ro-
tate as one moves between neighboring
points. The potential energy is then eval-
uated by measuring the variation of ¢
not with respect to a global frame of
reference but rather with respect to local
frames that can change from point to
point.

Suppose that somewhere on the pe-
rimeter of D the field vector makes an
angle of 30 degrees with a chosen frame
of reference. If the frame is a global one,
then after traveling 90 degrees around
a circle the vector will have assumed a
new orientation of 120 degrees. A suit-
ably arranged gauge field, however, al-
lows the frame of reference to rotate
with the vector; no matter where a mea-
surement is made, the orientation of the
vector field is effectively constant and so
the potential energy vanishes. On the
other hand, the notion of a twist in the
field configuration is preserved: it has
been transferred from the field ¢ to the
gauge field. Now it is the local frame
of reference that undergoes a complete
turn in a closed path around D.

It is important to emphasize that the
gauge field does not simply specify the
orientation of many independent frames
of reference. Instead it prescribes how
the orientation of a single frame changes
when the frame is displaced. If it were
necessary only to measure the changing
orientations of a frame in a two-dimen-
sional space, then it would suffice to
specify one number at each point: the
angle of rotation. Actually a two-dimen-
sional gauge field is defined by two num-
bers at each point. One number tells
how much the frame rotates during a
displacement along the x axis and the
other tells how much it rotates during a
displacement along the y axis.

Because the gauge field is a prescrip-
tion for transporting a frame between
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neighboring points rather than a pre-
scription for setting up a different frame
at each point, the net rotation of the
frame during a displacement depends
on the path taken. In going from Rome
to London by way of Berlin the frame
might rotate by some definite angle. If
the frame is carried from Rome to Lon-
don by way of Paris, the angle of rota-
tion will in general be quite different.
Moreover, on a round trip—say from
Rome to Berlin to London to Paris and
back to Rome—the frame will generally
not return to its original orientation.

The notion of transporting the frame
on the earth’s surface is not entirely met-
aphorical. Imagine setting up a frame
of reference, consisting of two orthogo-
nal axes, at some point on the Equator.
Then transport the frame to the North
Pole by sliding it parallel to itself, first
by heading due north along a meridian,
then by following the Equator for a dis-
tance before turning north along a dif-
ferent meridian. When the two frames
meet again at the pole, their orientations
will be different. The discrepancy results
from the curvature of the earth.

There are special configurations of a
gauge field where a frame transported
around a closed loop does return to its
initial orientation. In those configura-
tions the rotation of the frame during a
displacement is independent of the path
taken. The gauge field is then said to be
in a pure gauge form. It carries no ener-
gy and is in its vacuum state. When the
final orientation of the frame does de-
pend on the path, the gauge field carries

'
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energy, which becomes larger as the de-
pendence on the path becomes more
pronounced.

It is now possible to reexamine the
energy of a two-dimensional field that
includes a soliton. The introduction of a
gauge field eliminates the potential ener-
gy of the field ¢ outside the domain D.
Moreover, the gauge field itself is in a
pure gauge form there and carries no
energy because the frame of reference
returns to its original orientation after
any closed loop. The gauge field cannot
continue in a pure gauge form through-
out the interior of D, however. The
frame rotates by 360 degrees when it is
carried around a closed loop outside D,
but there must be a small loop inside D
where it does not rotate at all. By exten-
sion there must be loops of intermediate
size where the frame rotates by some
angle between 360 and zero degrees. In
that case the frame does not return to its
original orientation after the circuit, and
so the gauge field must carry energy.

The twist in the field configuration
outside D is now embodied in the gauge
field. Both fields, the @ field and the
gauge field, are in their vacuum state
outside D, but the continuity of the field
configuration demands that the fields
carryenergy inside the domain. The sol-
iton that emerges is again made stable
against dispersion by the topology of the
field configuration.

The prototypical gauge field is the
one that appears in Maxwell’s theory of
electromagnetism. It describes the rela-
tive orientation of frames of reference in

m

TUBE OF MAGNETIC FLUX in a superconductor is confined to a small cross section by a
field that incorporates many two-dimensional solitons stacked with cylindrical symmetry. The
superconducting electron pairs are described by a vector field with multiple vacuum states and
with an intrinsic energy that is at a minimum when the magnitude of the field is greater than
zero. The magnetic field is described by a gauge field. The twist in the topological configura-
tion of the two fields bounds the magnetic flux and prevents it from spreading out in space.
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an abstract space with two dimensions.
The components of a vector field ¢ lie in
this space. This field is not the electro-
magnetic field itself but describes the
charged matter to which the electro-
magnetic field is coupled. In realistic sit-
uations ¢ and the gauge field are both
defined at all points in three-dimension-
al space, although the abstract space
where ¢ lies is still two-dimensional, the
two dimensions corresponding to the
two possible signs of charge.

In most configurations of the electro-
magnetic field solitons are not possible
because the minimum of the intrinsic
energy corresponds to a zero value of
the matter field ¢ In superconductors,
however, the minimum is found at a
field of nonzero magnitude. The field
configuration then allows the existence
of two-dimensional solitons, which do
appear in superconducting materials.
They manifest themselves as tubes of
magnetic flux, where the fields are ar-
ranged in a vortexlike structure and the
energy is confined to a narrow tube at
the center of the vortex. When the vor-
texes are viewed in cross section, tBey
resemble the two-dimensional soliton
described above.

Agauge field defined in an abstract
space with more than two dimen-
sions is substantially more complicated
than the electromagnetic field. The ad-
ditional complexity arises because there
are many axes around which the frame
of reference can rotate, and in general
the result of rotations performed around
different axes depends on the order in
which they are made. Gauge fields of
this kind are called Yang-Mills fields,
after C. N. Yang of the State Universi-
ty of New York at Stony Brook and Rob-
ert L. Mills of Ohio State University,
who first discussed them in 1954. It was
some time before the mathematical tech-
niques needed to deal with the fields
were mastered, but Yang-Mills fields
have now been given a crucial role in
the physicist’s description of nature. A
Yang-Mills field is the essential element
in atheory that seems to unify two of the
four fundamental forces of nature, the
weak force and the electromagnetic one.
Another Yang-Mills theory, although it
is less well developed, might eventually
explain a third fundamental force, the
strong or nuclear force.

The discovery that solitons might be
generated in a theory that describes a
matter field coupled to a Yang-Mills
field was made independently by Ger-
hard 't Hooft of the University of
Utrecht and by Alexander M. Polyakov
of the Landau Institute for Theoretical
Physics in Moscow. By recognizing that
the theory can have multiple vacuum
states with a nontrivial topology, they
discovered the three-dimensional soli-
ton. It is a soliton of this kind that might
exist as a real elementary particle. Such
a soliton particle would be very massive
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and would be a magnetic monopole,
that is, it would carry an isolated mag-
netic charge. This property, which none
of the known particles share, also de-
rives from the topology of the field; in
the same way that the twisted arrange-
ment of vacuums confines energy it also
encloses a unit of magnetic charge.

The theoretical exploration of the
properties of these particles has only
just begun, but a few interesting findings
have already emerged. One result con-
cerns relations between two fundamen-
tal categories of particles, the fermions
and the bosons. These categories are dis-
tinguished by the intrinsic angular mo-
mentum, or spin, of the particles, and by
their statistics, or behavior in groups.
The spin of a fermion is a half integer,
the spin of a boson an integer. The quan-
tum-mechanical statistics of the parti-
cles specify that no two fermions can
occupy the same state, whereas bosons
can be brought together in unlimited
numbers. Two fermions can combine to
form a composite particle with the prop-
erties of a boson, just as two half inte-
gers add up to an integer. It would ap-
pear, however, that there is no way to
combine bosons to yield a fermion.

When the field has only a global vacu-
um, the prohibition on making fermions
out of bosons is indeed absolute, but it
is not so when solitons are present. A
mechanism for the conversion has re-
cently been found by 't Hooft and Peter
Hasenfratz, who is now at the Universi-
ty of Budapest, and independently by
Roman W. Jackiw of the Massachusetts
Institute of Technology and me. In the
presence of a soliton a system with half-
integer spin can emerge from a field
whose only components are bosons. Al-
fred S. Goldhaber of Stony Brook has
shown that the system would have not
only the spin characteristic of a fermion
but also the statistics.

Another novel result, obtained by
Jackiw and me, shows that a fermion
might be split in half under the influence
of a soliton. We found a mode of inter-
action between solitons and fermions
where the structure of a soliton is al-
tered by the field of a fermion. The soli-
ton exists in two states of identical en-
ergy, one state having the character of
half a fermion and the other state that
of half an antifermion.

The prospects for making and detect-
ing soliton particles in the laborato-
ry are quite uncertain. They depend in
large measure on what theory is ulti-
mately found to describe most accurate-
ly the interactions of elementary parti-
cles. If the theory is one that admits soli-
ton solutions, then it is generally ac-
knowledged that the solitons will appear
in nature. There are many candidate
theories, however; some of them incor-
porate field equations with a topology
suitable for solitons but others do not. It
is no surprise that soliton particles have
not yet been observed in experiments
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MERGER OF TWO FLUX TUBES in a superconductor illustrates the coalescence of two
solitons. The matter field, whose magnitude is related to the density of superconducting elec-
tron pairs, is shown in the middle graph; this is the field in which the solitons appear. The mat-
ter field has two depressions, where the density of electron pairs falls to zero; everywhere else
it rises toward a uniform value of 1. The energy of the field, shown in the upper graph, is zero
at the periphery and rises to a maximum at each point where the density of electron pairs is
zero. Thus the two regions where the matter field declines represent confined quantities of en-
ergy. The magnetic field passing through the solitons is shown in the lower graph; it too is con-
fined to the regions of diminished electron-pair density. The graphs were constructed with the
aid of a computer by the author and Laurence Jacobs of Brookhaven National Laboratory.
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with particle accelerators. The mass of
such a particle, measured in energy
units, is thought to be some trillions of
electron volts. One trillion electron volts
isroughly 1,000 times the mass of a pro-
ton and more than four times the mass
of a uranium atom. It will be at least
several years before accelerators can
create such heavy particles.

11 the solitons described above are
structures that are localized in
space (whether the space has one, two or
three dimensions). They are of interest
because they are confined permanently
to a definite region of space. In the past
few years another kind of soliton has
been discovered, one that is confined to
a small region both in space and in time.
It is a phenomenon that exists only at a
particular place and at a particular mo-
ment. This new kind of soliton, which
has been given the name instanton, is
interpreted not as an object but as an
event, not as a particle but as a quan-
tum-mechanical transition between var-
ious states of other particles.
The nature of an instanton can be elu-
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cidated by examining the motion of a
particle under the influence of a poten-
tial, which specifies the value of a force
acting on the particle. For the sake of
simplicity the potential can be made
one-dimensional, and for instantons to
appear it must be made periodic, that is,
there must be several equivalent but dis-
tinct points of minimum energy. There
are many examples of such potentials in
nature; a familiar one is a roller coaster,
where the potential is the gravitational
field of the earth and a point of mini-
mum potential energy is encountered at
the bottom of each drop. It should be
pointed out that the potential energy in
this system is not that of a field but that
of a particle in a field. In the example
of the roller coaster potential energy is
proportional to height above the lowest
point on the track.

A graph of a simple periodic potential
shows a straight line, which represents
the space where the particle moves, and
an, undulating line (perhaps a sine
curve), which gives the value of the po-
tential for each point in the one-dimen-
sional space. In order to trace the evo-

lution of the system another axis, rep-
resenting time, must be added to the
graph. The undulating line is then con-
verted into an undulating surface. Mov-
ing across the undulations is equivalent
to a change in position; moving parallel
to them is not a motion in space but
instead reveals a steady state of the sys-
tem at successive moments.

A particle in a state of minimum ener-
gy lies at the bottom of one well in the
potential curve, and it can be expected
to remain at rest there forever. The tra-
jectory of the particle in time is there-
fore a straight line that follows the bot-
tom of the valley. A particle might also
oscillate about the equilibrium point at
the bottom of a well, a motion that is
represented along the time axis by a sin-
uous line wandering from one side of
the valley to the other.

The event of greatest interest is the
movement of a particle from a stable
position at the bottom of a well over a
potential barrier and into an adjacent
well. On the time axis this evolution cor-
responds to a line that begins in one val-
ley of the potential surface, climbs over
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INSTANTON is a soliton confined not only to a region in space but
also to a moment in time. It is interpreted as a quantum-mechanical
transition between two states of motion of a particle. The particle
moves in a one-dimensional potential, or force field, and the evolu-
tion of its motion is recorded on a potential surface that extends along
the time axis. The history of a particle that remains stationary at one
of the points of minimum potential is represented by a straight line
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that follows a valley in the surface. A particle oscillating about an
equilibrium point traces an undulating curve in one of the valleys.
The trajectory of an instanton climbs from the bottom of one val-
ley, crosses a ridge and returns to stable equilibrium in an adjacent
valley. The path describes the motion of a particle that disappears
at one point of equilibrium and reappears at another. The transition
is equivalent to the quantum-mechanical ph of t li
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EVOLUTION OF A FIELD during an instanton transition exhibits a topological twist much
like that of a purely spatial soliton. Initially (¢ = 0) the field is uniform, being made up of vec-
tors that are all parallel and all of unit magnitude. This configuration is assumed to describe a
vacuum state, At a later moment (¢ = 1) the vectors again have unit magnitude, but they are
found to rotate through one turn. If the frame of reference is defined by an appropriate gauge
field, the later configuration can also be regarded as a vacuum state. For the field to evolve
from the first state to the second one, however, its net rotation must change from zero to 360
degrees, a transition that is topologically possible only if the field vector somewhere declines to
zero. At that point the intrinsic energy of the field is greater than zero, and so the instanton
describes an evolution from one vacuum state to another through a state with finite energy.

aridge and descends into a neighboring
valley. At one moment the particle is
stationary at a point of minimum ener-
gy; the next moment it is found still at
rest but at another minimum-energy
position. The transition between these
states is an instanton.

In the classical physics that preceded
the development of quantum mechanics
such a transition was impossible. If a
train of roller-coaster cars is at rest at
the bottom of a hill, one can predict with
confidence that it will not spontaneously
climb over the hill and come to a stop in
the next valley. Energy would be con-
served in this imaginary process—at
least for an ideal, frictionless roller
coaster—because all the energy that
would have to be expended to raise the
train to the top of the hill could be re-
covered on the downhill run. The transi-
tion is nonetheless forbidden because in
classical physics energy must be con-
served at all moments, not merely in a
final accounting.

Quantum mechanics provides a kind
of deficit financing that makes the in-
stanton transition possible. A seeming
violation of the conservation law is al-
lowed provided that the violation does
not last too long and that the books bal-

116

ance in the end. Through this mecha-
nism, which is called tunneling, a parti-
cle can cross a potential barrier even
though it has too little energy to sur-
mount the barrier. The instanton is a
structure in a classical field theory that
describes this fundamentally quantum-
mechanical process.

The graph of an instanton is geometri-
cally identical with the graph of a soli-
ton in the sine-Gordon field; only the
labels on the axes have been changed.
Indeed, instantons were first found as
ordinary solitons in a field theory of
four spatial dimensions. The discovery
was made by A. A. Belavin, Polyakov,
A. S. Schwartz and Yu. S. Tyupkin of
the Landau Institute, who correctly in-
terpreted the soliton not as a four-di-
mensional object but as an evolution of
fields in three spatial dimensions and
one time dimension. They also showed
that instantons must appear in a large
class of field theories, including the the-
ories most commonly applied to the in-
teractions of elementary particles.

Soon afterward the significance of in-
stantons for the structure of the quan-
tum-mechanical vacuum was analyzed
by 't Hooft, by Curtis G. Callan, Jr., and
David J. Gross of Princeton University
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and Roger F. Dashen of the Institute for
Advanced Study and by Jackiw and me.
(It was 't Hooft, incidentally, who sug-
gested the name instanton.) The ex-
istence of instantons implies that the
vacuum state in quantum mechanics is
not unique but has a periodic structure,
rather like the potential valleys of the
electromagnetic field inside the lattice of
atomsin a crystal. Of course, the period-
ic field in a crystal results from an order-
ly arrangement of atomic nuclei, where-
as the pattern generated by the instan-
ton solutions is an intrinsic structure of
space-time. The discovery of the struc-
ture had been quite unexpected.

Although instantons are a recent in-
novation in field theory, they have al-
ready led to the resolution of a disturb-
ing puzzle in the physics of subnuclear
particles. The puzzle concerns the mass-
es of the particles called mesons, which
are thought to be composite objects
made up of the more fundamental enti-
ties called quarks. Each meson consists
of a quark and an antiquark bound
together by a gauge field. Two of the
quark types (labeled # and d) and their
corresponding antiquarks (i7 and d) are
thought to be comparatively light. Since
there are four ways to make a quark-an-
tiquark pair from these objects (ui7, ud,
dit and dd), it would seem there should
be four mesons of comparatively low
mass. Three such mesons have been
known for many years: they are the neg-
ative, positive and neutral pi mesons, or
pions, which have masses equivalent to
an energy of about 140 million electron
volts. The fourth light meson, which
seems to be an inescapable prediction of
the theory, has never been found.

There is another particle, however,
that could fill the role. It is the eta me-
son, and it has all the appropriate prop-
erties except one: its mass is about 550
million electron volts. The introduction
of instantons has now explained the
anomaly of the eta meson’s mass. The
instantons appear as excitations, local-
ized in space and time, in the gauge field
that binds the quarks together. They al-
ter the distribution of mass among the
mesons because they have different ef-
fects on the various quark combina-
tions. Roughly speaking, an instanton is
transparent to a pion, but it acts as an
obstacle to the propagation of an eta
meson and thereby increases its effective
inertial mass.

Solitons and instantons are the off-
spring of field theories that can be
forbiddingly complex, yet they have a
rich and elegant mathematical struc-
ture. Indeed, physicists investigating
solitons have discovered that mathe-
maticians have been studying equiv-
alent objects for many years entirely for
their geometrical interest. Mathemati-
cal analysis and physical intuition have
forged powerful tools to expose the na-
ture and properties of the soliton.
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