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Circular motion
Isaac Newton® and Richard Conn Henry®
(Received 20 October 1999; accepted 30 November)1999

An extraordinarily simple and transparent derivation of the formula for the acceleration that occurs
in uniform circular motion is presented, and is advocated for use in high school and college
freshman physics textbooks. @00 American Association of Physics Teachers.

The familiar formula for the acceleration that occurs in  Which, indeed, brings us to Newton. Did Newton know of
uniform circular motion, Huygens’ formula? Hooke, Halley, and Wren did, but New-
2 ton was intellectually more isolated in Cambridge, which in
_v 1 those dags was a backwater compared with London. Perhaps
a , ()  2hee : . .
r it still is!“ Newton did obtain a copy offorologium from

enry Oldenburg, shortly after its publication. In any case,

may be, tc_)day, a staple of freshman physics, b.Ut just 35(:illewton independently obtained the formula, and in a way
years ago it represented the cutting edge of physics researr.m.at ismuch superiotto that employed by Huygens.

e e A o eonene. Hygens' meiod wilbe dscissed brefy below, 3 o
physics. X P " matter of historical interest. The main aim of my article,

. " | .
how should it be taught to students today? however, is to presertiewton’'smethodso that it can be

The recognition that uniform circular motion does involve : : : o
acceleration began with Galileo and Descartes; however. sed in effectively teaching the origin of Eq. (1) to the mod

oo . ern young student of physics
their handling of the problem was remarkably vague, and™ "o ccential problem that all the early physicists faced
their qualitative, sometimes fuzzy, explanations of circular

. ) ) : ; .““was the need to work a vectorial problem, not having a real
motion allowed them to ignore basic flaws in their respectlvetheory of vectors available. Whatas available to them was

)
sy_sl_tﬁglse?;g;]ewvn(glcﬂ;/e dthe problem was Christiaan Huv- the parallelogram law for combining vectors in two-
P P Y~ dimensional problems; that result is as old as Aristdtle.

gens in his bookHorologium Oscillatorium(1658; second ™+ 0 10 eshave vector methods, there are modern meth-
edition in 1673, the actual proof only appearing in HUygens' o o ohtaining Eq(1) that are delightfuf. But Eq. (1) is S0
g?ssctg\t‘gr]oL\jvsagc?%?ﬁe\rf'sgegggﬂ%%ﬂg;% Tréirei;ft?thcgrrv\‘j‘rencrucial that one does not want the beginning physics student
y : : >y, pnhe to think that it cannot be obtained except by sophisticated
and Rc_Jbert Hooke were all able immediately to substltute_ th ethods, with which the student is only beginning to become
result into Kepler's third law and deduce that the gravita-¢, iia. “That is one reason why a clear exposition of New-
tional force must vary inversely as the square of the d|stancgon,s wbnderful method is pedagoaically valuable
from the sun. Their method produces the greater part of the Newton'’s Method The mpethog gsedyby Newtdn about

laws of gravitation, as | now show. 1665, is described by Westfalland has been analyzed in

orgg”;'ndde;:\évgig{gg?;ﬁag?ﬁg?ﬂ‘;ﬂgﬂé tgﬁhaﬁg\)g nglrjslac:f detail, from an historical perspective, by Erlichbily aim,
! y here, however, is not historical, it is to present the method as

lengtht andT. According to Kepler's third law, it can and should be presented to the modern student.

T2 RS The starting point is the resolution of forces into compo-
Pl 2 nents(parallelogram law As we shall see, that is really all
that is needed; and that is nice, because teaching students to
while Huygens provided resolve forces into components is of course basic and neces-
2 sary in any case, and the present application gives the stu-
i:(m_v>(l> dents a tremendous reward, quickly, for mastering the no-
F roJIMv? tion.
In Fig. 1(a), | show a particle that is moving in a straight
= mRy? = m_R4772r2 T - mrT? 3) line with constant speed and which will soon hit a hard
MrvZ Mr t* 47°R® MR# surface at\. The component of the velocitythat is perpen-

dicular to the surface is cosé. In Fig. 1(b), the particle has
undergone the impact, and the component of the velocity that
is perpendicular to the surface is agaioosé, but it is now

f mrR®  (m/r?) directed oppositely, so that thietal changein velocity is

(4)

(where | have also used the definition of the period,
=2ar/v). Combining these two results gives

F~ MR (M/R?)’

which yieldsfom/r2 or f =GM(m/r?) using Newton'’s later Av=2v cosd (5)

value for the constant of proportionality. Given this, is it any

wonder that Hooke felt, to the end of his days, thathad  (the component of the velocity that is parallel to the surface,
discovered the law of gravitation? But while none of thewv sing, not having changed in the impaclt is in the change
three could deduce Kepler's laws from their result, Newtonof direction that the change otelocity enters. And the
could and did. Halley and Wren, properly recognizing thechange in velocity, we see, is in a direction thah@malto
genius of Newton, never made any claim of discovery. the surface struck.
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(@)

(b)

vcos 9

Fig. 1. A particle moving with velocity strikes a hard surface #, re-
bounding at the same ang#with which it struck. The component of its
velocity in the horizontal direction is alwayssin 6, and the particle always
moves withspeedv.

And that is it! All we need to do now, is tapply this

result, as Newton did, to the case of a particle that is crashing 8=
around a circleg(Fig. 2). The figure shows the case ‘“circle
traversed im=12 impacts,” but of course Newton and | are

going to letn go to infinity and¢ go to zero very soon.

We have seen that the change in velocity duesteh
impact isAv =2v cosé, so thesumof the fractional changes
that result from then impacts is

S Av=2nv cosé. (6)
Butne=2m7 ando+26=m so
2 T @\ 4w |
SAv —Z?U COS(E— E) = ?U sm(z)
4
E—vf=27rv, (7)
o 2

where in the penultimate step | have recognized that for
small angles the sine is approximately the angle; whés
infinity, and ¢ is zero, our result is exact.

So, we conclude th&f Av=27v in going around a com-
plete circle, whatever may be the cause of the circular mo-
tion.

It should be pointed out again to the students that although
the speed of the particle never changes, always being simply
v, because of the change direction in going around the
circle, the velocitydoes change, every time the particle
bounces.

We are now in a position to compute the acceleration,
which is what we want. Because all the bounces are the
same, we can calculate the accelera@ither from the ve-
locity change in any one bouncer (as Newton digl from
the sum of the fractional changes. Newton’s approach gives

Av SAv 2mv v?
= —, (8

r

At T (27Tr

v

whereT is the time to go around the circle. So we have our

It should be emphasized that what is important is thedesired result!

changein velocity, notwhat produceghat change. Whether

We have already noted that the change in velocity is al-

thg change is prodpced by a qragh with a wall, or by graviways in the direction perpendicular to the surface struck, that
tation, the change in the velocity is the change in the velocis, in the direction of the center of the circle. So we have

ity.

The first point we note is that thehangein velocity is
alwaysdirected toward the center of the cirdlee., is always
normal to the surface struglat each impact.

found both the magnitude and the direction of the accelera-
tion for circular motion.

Notice how unsophisticatedall of the steps have been!
That is the great virtue of the method.

It is clear that Newton recognized from the symmetry of
the problem that th@averagemagnitude of the acceleration
(as we just calculated)itvould be the same as thiestanta-
neousvalue of the same quantity. There is some virtue, how-
ever, indirectly calculatingthe instantaneous value—in fact,
some instructors may find this approach pedagogically pref-
erable. With our same trigonometric substitution, the “single
bounce” change in velocity yielddv =2v cosf~v ¢ for the
case of many bouncése., for the case thag is smal). If At
is the time to go througlismal) ¢, thenAt~¢er/v and the
instantaneous acceleration

Av (X0 v?

B/ er] T
v

C)

which is equal to our previous value.

Huygens’ methadHuygens considered a particle that is
thrown sideways, which he knew would fall in a parabolic
curve. He constructed the largest circle that passes through

Fig. 2. A particle bounces around a circle, hitting the circle a total of 12 the original position of the particle, and yet does not cut the

times, and each time bouncing at an angl® the normal to the circle.

638 Am. J. Phys., Vol. 68, No. 7, July 2000

parabola. The method isot elegant. Newton, in his second
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approach to the same problem, like Huygens considered &Deceased.

comparison with motion under gravitation. YHenry A. Rowland Department of Physics and Astronomy, The Johns
This alternate approach is presented elegantly and con-Hopkins University, Baltimore, Maryland 21218; electronic mail:

cisely by Tipler] Tipler's exposition requiring no vector  heny@huedu o _

J. G. Yoder,Unrolling Time: Christiaan Huygens and the Mathematiza-

concepts. However, these proofs by Huygens, by Newton, . > Natu’re(Camb?'id L Cambrid 3(;9 1968, 33

and by Tipler, do mix thgeneralconcept of circular motion Clery, “London Ca?nbridge“Lead Eurgop’e in O.utpL.Jt " Scierggl

with the particular question of motion under gravity, and 1i27(19§8. ' ’

they also do require the student to know that for constantsy, Kline, Mathematical Thought from Ancient to Modern Tint€xford

accelerationa, the distance traveled in time is at?/2. In U. P., Oxford, 1972, p. 776.

contrast, Newton’s first methodwhich | have presented “F. Ninio, “Acceleration in uniform circular motion,” Am. J. Phys$1,

above has neither of these complications, and is therefore 1052(1993; K. R. Brownstein, “A simple derivation of centripetal accel-

strongly to be preferred for the student’s first introduction to eration,” ibid. 62, 946 (1994; U. Haber-Schaim, J. H. Dodge, and J. A.

the acceleration that is associated with circular motion. Walker, PSSC PhysicD. C. Heath, Lexington, MA, 198] 5th ed., pp.
52-54; D. W. Kraft and L. Motz, “Geometric derivation of radial accel-

eration magnitude,” Phys. TeacB3, 565(1995.

5R. S. WestfallNever at Rest: A Biography of Isaac Newt@ambridge
Both authors have published once previously in the Y- P- Cambridge, 1980p. 149. _ _ ,

American Journal of Physic?sThe junior author in 1997 was H Ifrhchson, Motive force and centripetal force in Newton’s mechan-

. . ics,” Am. J. Phys.59, 842-849(1991).
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